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Abstract
Let G be a group of order 4n and t an involution of G. A 2n-subset R of G is called a left Hadamard transversal of G with respect
to 〈t〉 if G=R〈t〉 and R̂R(−1) = nŜ1 + 2nŜ2 for some subsets S1 and S2 of G. Let H be a subgroup of G such that G= [G,G]H ,
t ∈ H , and tG /⊂ H , where tG is the conjugacy class of t and [G,G] is the commutator subgroup of G. In this article, we show that
if R satisﬁes a condition (∗)R = xR ∀x ∈ G\{1}, then R is a (2n, 2, 2n, n) relative difference set and one can construct a v × v
integral matrix B such that BBT =BTB = (n/2)I , where v is a positive integer determined by H and tG (see Theorem 2.6). Using
this we show that there is no left Hadamard transversal R satisfying (∗) in some simple groups.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let G be a group of order 4n. For a subset X of G, we set X(−1) = {x−1|x ∈ X} and we identify a subset X of G
with a group ring element X̂ =∑x∈X x ∈ C[G]. The set of G-conjugates of an element x(∈ G) is denoted by xG.
A 2n-subset R of G is called a left Hadamard transversal of G with respect to a subgroup 〈t〉 of order 2 if G=R〈t〉
and R̂̂R(−1) = nŜ1 + 2nŜ2 for some subsets S1 and S2 of G. If we assume that
(∗) R = xR ∀x ∈ G\{1},
then, by a result of [4] some left translate of R, say R0, satisﬁes that G=〈t〉R0 =R0〈t〉 and R0R(−1)0 =2n+n(G−〈t〉)
for an element t0 of order 2 (Result 2.2). Therefore R0 is a (2n, 2, 2n, n) relative difference set. Here a 2n-subset D of
G is called a (2n, 2, 2n, n) relative difference set with respect to U(	 Z2) if DD(−1) = 2n+ n(G−U). (cf. [5]) From
a left Hadamard transversal satisfying (∗) one can construct a Hadamard matrix of order 2n (see [4] and Result 2.2).
In this article we show that :
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Theorem 2.6. Assume that a groupG of order 4n contains a left Hadamard transversalR with respect to 〈t〉 satisfying
R = xR ∀x ∈ G\{1}. If G has a subgroup H satisfying G = [G,G]H , t ∈ H and tG /⊂ H , then there exists a v × v
integral matrix B = (bi,j ) such that BBT = BTB = n2 Iv , where v = [G:H ](|t
G|−|tG∩H |)
2|tG| and |bi,j | 12 |H |.
Proposition 2.7. Let (G,) be a transitive permutation group of degree r(> 4) and t an involution of G. Suppose
that [G,G] is transitive on . If t ﬁxes r − 4 points and the square free part of |G| has a prime divisor p such that
p ≡ 3 (mod 4), then G has no left Hadamard transversal w.r.t.〈t〉 satisfying R = xR ∀x ∈ G\{1}.
As a corollary we have :
Corollary 2.10. There is no left Hadamard transversalR satisfyingR = xR ∀x ∈ G\{1} inA5, S5, A7, S7, PSL(2, 7)
and PGL(2, 7).
The terminologies in this article are taken from [1] and [5].
2. Proof of Theorem 2.6
Throughout this article we assume the following.
Hypothesis 2.1. LetR be a left Hadamard transversal in a groupG of order 4nw.r.t 〈t〉 	 Z2 satisfyingR = xR ∀x ∈
G\{1}. Assume that there is a subgroup H containing t such that G = [G,G]H and tG /⊂ H .
By Theorem 1 and a remark just after Lemma 4 of [4], we have the following result.
Result 2.2 (Ito and Kim [4]). Let R be a left Hadamard transversal in a group G of order 4n satisfying R = xR∀x ∈
G\{1}. Then there exists a translate R0(=Rg) of R such that R0R(−1)0 =R(−1)0 R0 = 2n+n(G−〈t0〉) for an involution
t0 ∈ G.
By the above result, we may assume that
(∗∗) RR(−1) = R(−1)R = 2n + n(G − 1 − t).
Remark 2.3. Let R be a 2n-subset of a group G of order 4n and t an involution of G. If R satisﬁes (∗∗), then clearly
it also does Hypothesis 2.1. On the other hand, even if R is a (2n, 2, 2n, n) relative difference set in G with respect to
〈t〉 (i.e. RR(−1) = 2n + n(G − 〈t〉)), it does not always satisfy G = R〈t〉. Therefore R is not always a left Hadamard
transversal of G in this case.
Let (G,) be a transitive permutation group on a set. Let  ∈  and denote byG(={x ∈ G|x=}) the stabilizer
of . Set r = [G : H ], h = [H : 〈t〉] and  = {1(=), 2, . . . , r}. Then |G| = 2hr . Let K(=⋂1 i r Gi ) be the
kernel of the permutation representation. ThenK=⋂x∈G x−1Hx. By assumption, t ∈ H\K asK is a normal subgroup
of G.
Let V be the permutation module for G over C with the natural basis . Let  be the representation of G over C
corresponding to the G-module V. Then (g) is a permutation matrix of degree r for each g ∈ G. We note that if
ig = j then ith row of (g) is ej , where e1 = (1, 0, . . . , 0), . . . , er = (0, . . . , 0, 1). Set T0 = (t). We may assume
that Fix(t)={1, . . . , f } and f+1t =f+2, f+3t =f+4, . . . , f+w−1t =f+w, where r =f +w and 1f r −2
as t ∈ H\K . Then we have
T0 =
⎡
⎢⎢⎣
If
D
. . .
D
⎤
⎥⎥⎦ ,
where If is a unit matrix of degree f and D =
[
0
1
1
0
]
. We note that w is even.
2778 Y. Hiramine, N. Ito / Discrete Mathematics 308 (2008) 2776–2780
Lemma 2.4. Set A = (R) = (aij ) and denote by AT the transposed matrix of A. Then the following hold:
(i) AAT = ATA = nI r + 2nhJ r,r − nT 0, where Ju,v is the u × v all one matrix,
(ii) if if or jf , then ai,j = h, and
(iii) AT 0 = T0A and A + AT 0 = 2hJ r,r .
Proof. By Theorem 4.3.4 of [1], (1G, 1GH ) = 1, where 1G is the trivial character of G. Let  be any linear character
of G distinct from 1G. As G = [G,G]H and  = 1G, (1H , |H )H = 0. Hence, by Frobenius reciprocity theorem,
(1GH , ) = (1H , |H )H = 0. Thus 1G is the only linear constituent of 1GH .
We note that r > 2 as tG /⊂ H . Set L = (G) and let v ∈ V . Then (vL)(g) = v((Gg)) = vL for all g ∈ G. By
what we have shown in the last paragraph, (1 + · · · + r )C is the only one-dimensional G-submodule of V. Hence
vL ∈ (1 + · · · + r )C. Therefore, as L has a constant row sum 4n(=|G|), we have L = 4nr J = 2hJ , where J = Jr,r .
Set I = Ir . Since (g) is an orthogonal matrix for each g ∈ G, it follows that (R(−1)) = AT. Hence, by (∗∗), we
have AAT = ATA = 2nI + n(L − I − T0) = nI + 2nhJ − nT 0. Thus (i) holds.
Set  = {1, . . . , f }. Let j ∈  and set M = Gj . Let xi be an element of G such that j xi = i for each i with
1 ir . Then G = Mx1 ∪ · · · ∪ Mxr is a right coset decomposition of G by M. Let M = 〈t〉y1 ∪ · · · ∪ 〈t〉yh be a
right coset decomposition of M by 〈t〉. As {yixk | 1 ih, 1kr} is a complete set of right coset representatives
of G/〈t〉, R =∑i,kti,kyixk for some ti,k ∈ 〈t〉. Since j (ti,kyixk) = k for each i with 1 ih, we have aj,k = h for
any j with 1jf and k with 1kr . Similarly, we can set R(−1) = ∑i,k si,kyixk ,where si,k ∈ 〈t〉, as R(−1) is
also a complete set of right coset representatives of G/〈t〉 (see (∗∗)). Then j g−1 = k for any i with 1 ih, where
g = (si,kyixk)−1. As g ∈ R, this implies that the number of elements G of R satisfying kg = j is equal to h for any
k with 1kr and j with 1jf . Therefore we have (ii). By (∗∗), G= 〈t〉R =R〈t〉. Hence R +Rt =R + tR =G
and so we have (iii). 
Set C = (ci,j ), where ci,j = af+i,f+j with 1 i, jw. By Lemma 2.4, we can set A= [ hJf,fhJw,f
hJ f,w
C
]. Moreover, we
deﬁne a 2 × 2 matrix Ci,j by Ci,j = [ c2i−1,2j−1c2i,2j−1
c2i−1,2j
c2i,2j
] for each i, j ∈ {1, 2, . . . , w2 }. Then C = (Ci,j ).
By deﬁnition, A has constant row and column sums |R|(=2n = rh). Applying Lemma 2.4(ii) C also has constant
row and column sums hw(=rh − f h).
Lemma 2.5. Set = h2w, = h2w + n and = h2w − n. Then the following hold:
(i) CCT = CTC = (Bij ), where Bi,i = [  ] (1 i w2 ) and Bi,j = J2,2 for any i, j with 1 i, j w2 , i = j and
(ii) Each Ci,j is of the form [ xy yx ], where x + y = 2h. Here x and y are non-negative integers depending on i and j .
Proof. By (i) and (ii) of Lemma 2.4, we have (i). Set D˜ = diag(D, . . . ,D). Then, by Lemma 2.4(iii), CD˜ = D˜C and
C + CD˜ = 2hJw,w. Thus we can easily verify (ii).
Set P = 1√
2
[ 1−1 11 ]. Then P is an orthogonal matrix and P T =P−1 = 1√2 [
1
1
−1
1 ]. Moreover, P−1[ xy yx ]P = [ x−y0 0x+y ].
We deﬁne a w × w orthogonal matrix P˜ by P˜ = diag(P, P, . . . , P ). Then, by Lemma 2.5(ii), we have
P˜−1CP˜ =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
2b1,1 0 2b1,2 0 · · · 2b1,v 0
0 2h 0 2h · · · 0 2h
2b2,1 0 2b2,2 0 · · · · · ·
...
0 2h 0 2h · · · · · · ...
...
...
...
...
. . . · · · ...
2bv,1 0 · · · · · · · · · 2bv,v 0
0 2h · · · · · · · · · 0 2h
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
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where v = w2 and each bi,j is an integer such that |bi,j |h. Furthermore,
(P˜−1CP˜ )T(P˜−1CP˜ ) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
2n 0 0 0 · · · 0 0
0 2h2w 0 2h2w · · · 0 2h2w
0 0 2n 0 · · · · · · ...
0 2h2w 0 2h2w · · · · · · ...
...
...
...
...
. . . · · · ...
0 0 · · · · · · · · · 0 0
0 2h2w · · · · · · · · · 0 2h2w
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
We now deﬁne a v × v matrix B by B = (bi,j ). Then (2B)(2B)T = (2B)T(2B) = 2nIv . On the other hand, by
counting the cardinality of {(1, t1)|t1 ∈ tG, 1 ∈ Fix(t1), } in two ways, we have [G : H ]|tG ∩ H | = |tG|f since
|Fix(x−1tx)| = |Fix(t)| for any x ∈ G. It follows that f = [G:H ]|tG∩H ||tG| . Thus we have the following. 
Theorem 2.6. Assume that a group G of order 4n contains a left Hadamard transversal R w.r.t 〈t〉 satisfying R =
xR ∀x ∈ G\{1}. If G has a subgroup H satisfying G=[G,G]H , t ∈ H and tG /⊂ H , then there exists a v× v integral
matrix B = (bi,j ) such that BBT = BTB = n2 Iv , where v = [G:H ](|t
G|−|tG∩H |)
2|tG| and |bi,j | 12 |H |.
As corollaries we have:
Proposition 2.7. Let (G,) be a transitive permutation group of degree r(> 4) and t an involution of G. Suppose
that [G,G] is transitive on . If t ﬁxes r − 4 points and the square free part of |G| has a prime divisor p such that
p ≡ 3 (mod 4), then G has no left Hadamard transversal R w.r.t 〈t〉 satisfying R = xR ∀x ∈ G\{1}.
Proof. Put |G| = 4n. By Theorem 2.6, there exists a 2 × 2 integral matrix B such that BBT = 12nI 2. Hence the
diophantine equation x2 + y2 = 12n has a solution (x, y). By Corollary 1 of [3, p. 279], the square free part of 12n has
no prime divisor p ≡ 3 (mod 4). Thus we have the proposition. 
Remark 2.8. Assume that the square free part of m! has a prime divisor p such that p ≡ 3 (mod 4). By Proposition
2.7, Am and Sm have no left Hadamard transversal R w.r.t 〈t〉 satisfying R = xR ∀x ∈ G\{1} for any involution t of
the form (i, j)(k, ).
In [2], the ﬁrst author has shown the following.
Result 2.9 (Hiramine [2]). Let G= 〈t〉N be a group of order 4n(n> 1), where N is a normal subgroup of G of index
2 and t is an involution of G. If G contains a (2n, 2, 2n, n) relative difference set, then |N | is a square.
By the above result and Proposition 2.7, we have the following.
Corollary 2.10. There is no left Hadamard transversalR satisfyingR = xR ∀x ∈ G\{1} inA5, S5, A7, S7, PSL(2, 7)
and PGL(2, 7).
Remark 2.11. In Theorem 2.6, if we put H = 〈t〉, then the resulting matrix B is a weighing matrix of weight 12n and
order v unless G〈t〉.
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